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Abstract
TheasymptoticstandarderrorsoftheIRTequatingcoefficients
givenbythemean/s!gma,mean/meanandmean/geometricmean
methodsarederivedwhenthetwo-parameterlogisticmodelholdsand
itemparametersareobtainedbythemarginalmaximumlikelihood
estimation。Thecaseoftwononequivalentexaminee-groupsandthe
caseofsinglegroupareconsidered。Thenumericalexamplesshow
thatthemean/meanandmean/geometricmeanmethodsaresuperiorto
themean/sigmamethod.Theresultsalsoshowthatthenumberof
quadraturepointsinthenumericalapproximationtotheintegrationof
abilityparametersiscrucialtotheestimationoftheasymptotic
standarderrors.
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method,mean/meanmethod,marginalmaximumlikelihood
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Testequatingbecomesnecessarywhenthescale.ofatestistobe
comparedwiththescaleofanothertest.Ifthetwo-testsare
composedofitemswhosecharacteristicsaregivenbyapplyingitem
responsethe6ry(IRT)separatelytoeachtest,theresultsofoneofthe
testscannotdirectlybecomparedtothoseofanothertest.This
comesfromthefactthatusuallytheabilitiesofexamineesinatestare
standardizedwithmeanzeroandunitvariancetoremovethe
indeterminacyofanIRT幽modeLHence,theestimatesofitem
pararneters(andabilitiesifnecessary)inonetestshouldbe
transfbrmedtothescalesoftheparametersofanothertestbyequating.
InIRTequating,themethodofcommonitemsisoftenusedinthe
abovesituation.Thecommonitemsmaybepartofeach .test
(intemalitems)orexternalones.Asimpleequatingprocedurein
suchsituationswithcommonitemsisthatofusingmoments(means
andstandarddeviations)oftheestimatesofthecommonitems.
FromthepropertyoftheIRTmodel,thetransformationforthe
parametersinequatingshouldbe・1inear.'Theequatingcoefficients
areestimatedastheslopeandinterceptinthelineartransformation.
Marco(1977)usedthemeansandstandarddeviationsofdifficulty
parameters.Thisiscalledthemean/sigma(〃〃fs)method.Shiba
(1978)usedthemeansofdiscriminationparametersinadditionto
thoseofdifficultyparameters.LoydandHoover(1980)useda
similarmethodintheRaschmodel..Thisiscalledthemeanlmean
(〃吻)method.Asavariationofthe〃 吻method,MislevyandBock
(1990)(seealsoKolen&Brennan,1995,Ch.6)proposedamethod
usingthegeometricmeansofdiscriminationparametersandthe
arithmeticmeansofdifficultyparameters.Thisiscalledthe
mean/geometricmean(〃Ofgm)methodinthisarticle.
Othermethodsusingthe、itemltestcharacteristiccurves(Haebara,
1980;Stocking&Lord,1983)havealsobeendeveloped.These
methodsaremoresophisticatedthanthemethodsusingmomentsof
theitemparameters.However,themethodsbymomentsareeasy
andsimpletoapPlyinpracticeandseemtogivesimilarresultsto
thosebyitemcharacteristicmethodsinsomesituations(seee.g.,
Baker&Al-Karni,1991;Hattori,1998).
Thepurposeofthisarticleistoobtaintheasymptoticstandard
errorsoftheestimatesoftheequatingcoefficientsbythemKs,〃吻 τand
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〃吻 配methodswiththeassumptionofthetwo-parameterlogistic
modelandtocomparetheirresultswitheachother.BakerandAl-
Karni(1991)indicatedthatthe〃吻2methodismorestablethanthe
鵬method.ThiswilIbemadeclearusingtheasymptoticbehavior
oftheestimatedequatingcoefficientsinsimulateddata.Theresults
byIRTinsamplesdependontheestimationmethodsofitem(and
ability)parameters.Consequently,theasymptoticstandarderrorsof
theestimatesofequatingcoefficientsalsodependontheasymptotic
variancesandcovariancesoftheestimatesoftheIRTparameters.
Historically,thejointmaximumlikelihoodestimationofitemand
abilityparameterswasfirstdeveloped(seee.g.,Lord&Novick,1968,
Ch.17).Theasymptoticvariancesoftheestimatesofitem
parametersbythismethodareusuallyestimatedfromtheinformation
matrixoftheestimateditemparametersassumingthatability
parametersaregiven(seee.g.,Lord;1980,p.191;Wainer&Thissen,
1982).Sincetheyareunderestimatesofexactasymptoticvariances,
thestandarderrorofanequatinginIRTusingtheunderestimatesof
theasymptoticvariances-covariancesisalsoanunderestimate(seee.9.
Lord,1982).Theexactasymptoticvariancesbythejointmaximum
likelihoodestimationmaybeobtainedbyassumingthatbothofthe
nunlbersofitemsandexamineesbecomelarge.However,thisisan
unrealisticassumption.
Inthisarticle,wedealwiththecasewhenitemparametersare
estimatedbythemarginalmaximumlikelihood(Bock&Liebe㎜Im,
1970;Bock&Aitkin,1981)inwhichabilitiesareintegratedoutfrom
themodel.Thus,thestandardasymptotictheoryappliestothe
estimatesoftheitemparametersgivenbythemethod.Inthe
followingsections,wewillconsiderthecaseofinternalcommon
items.The即plicationtotheexternalcommonitemsis
straightforwardandwillbediscussedinthefinalsection.
EquatingMethodsUsingMoments
Wedealwiththecaseoftwoindependentnonequivalent
examinee-groups(Groupsland2):theexamineesinGroupltake
TestlandthoseinGroup2takeTest2.Theresultsfbrsingle
exanlinee-groupareessentiallythesarneasfarastheresultsinthis
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Assumethattheprobability・ofa
totheノ ーthcommonitembythei-th
de cribedbythetwo-parameterlogistic
exp{-Dαu(e,、-b'1ノ)(1-x,,j)}
、P1(κli/1θ1,,alj,b,j)1
+exp←Da、j(θ,、-bl,ノ)}'(1)
('=1,_,N,;ノ=1,_,P),
whe・eκ1,、=1den・te・ac・r・ect・e・p・n・eandκli、=Oan
incorrectresponseintheabovesituation;θ1iistheabilityscorefbr
thei-thexamineeinGroup1;Nlisthenumberofexamineesin
Group1;al/andb,ノarethediscriminationanddifficulty
parameters,respectively,fortheノーthcommonitemofTest1;pisthe
numberofcommonitems;D=1.7isacostant。ForGroup2,wehave
exp←Da2ノ(θ2、-b2,)(1-x2iノ)}
P、(κ、」 θ、,,a、、,b,、)1+
exp{-Da,、(θ、,-b、ノ)}'(2)
(i=1,_,!V、;ノ=1,_,P),
wherenotationsaresimilarlydefined.Thetruevaluesofthe
parametersintheノーthcommoniteminGroup1,a,」andb,j,arethe
sameasthoseinGroup2,a2/andb2ノ,respectively,iftheyare
appropriatelytransformed.Inadditiontothe'pcommonitems,we
assumethatthereareq1-pandq2-puniqueitemsinTestsland
2,respectively.Thatis,Testsland2consistof(1互andq,items,
respectively.Theparametersfbrtheuniqueitemsareα1ゴandb,ノ,
ノニP十1,_,ql,fbrTestlanda2/andb2ノ,ノ 『 ρ十1,_,q2,fbrTest
2.
EquatingissupposedtobeperformedsuchthatthescaleinTest2
istransformedtothatinTest1.Formodelidentification,weassume
　コし　ロ 　　ロ　　
θ1、～2>(0,1),i=1,..,1>、andθ、、～1V(0,1),i=1,..,ノV、.Let
θ勇=Ae、,+B,α 穿、=a,、/A・ndわ ナ、=Ab、 、+B.(3)
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Then,from(2)
P、(κ、i/1θ、i,a,ノ,b,、)=P、(X、i、1θ夷,α夢、,わ穿、),
(iニ1,…,N、;ノ=1,…,q、)・
Forthepco㎜onitems,ifAandBareappropriatelychosen,
　 　
alノ=a2/andblノ=b2ノ,(ノ=1,..,、 ρ).
However,theequationsof(5)holdonlyinpopulations.
therelationshipsin(5)areatmostapproximateones.
Σ6、、一(1/P)(Σ6、)2
ゴ=1ノ=1
ア ア
Bs=(1/P)Σ61ノーAs(1/P)Σ6、
ト　 ノ=韮
forthem/smethod,
ア ア
λ 配=Σ ∂,、/Σ∂1、,
ノ=1ノ=1
ア ア
Dm=(1/P)Σ61、-A-(1/ρ)Σ6、、
ノ=lj=l
forthem/mmethodand
Ag-(血 ∂、、/∂1ノ)'1・,
ノ=1
ア ア
Ag=(1/P)Σ61ノーAg(11P)Σ6、ゴ
ゴ=1 ノ=1
forthem/8mmethod.Notethatinpopulations
and」Bs=」Bm=:Bg・
(4)
(5)
Insamples,
Th refore,the
taskistoestimateAandBsuchthat(5)holdsascloselyaspossible.
TheestimatesofAandBusingmomentsaredefinedasfollows:
Σ わ1、一(1/P)(Σわ1ノ)2
As一=蓋'='(6)
(7)
(8)
A・"Am・Ag
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Fromthedefinitionsoftheequatingcoefficients,weseethatthey
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arefunctionsoftheitemparameters.Thus,theasymptotic
variances-covariancesoftheestimatesofthecoefficientsareobtained
丘omtheasymptoticvariance-covariancematrixoftheestimatesofthe
itemparametersbyusingthedeltamethod.Let
Pt1ノ=(alj・b,ノ)'・(ノ=1・・…q,)・Q!1=(q'ii・ … ・Q!'・q,)㌧
Q12・ノ=(a…b・ ノ)'・(ノ=1・・…q、)・q・=(璽'21・ … ・q'・q、)'・nd
q=(,"q1・Q12)'.
(Notethat璽representsthewholeitemparametersillcludingthe
parametersfbruniqueitemsinTestsland2.)Then,theasymptotic
vari・nce-・・vari・ncem・t・ixf・・th・vect…fthee・timate・(A。,A。)'
is
ac・V(A・・D・)・一∂(艀*)'ac・V(Ct)∂(含義B*)・(9)
whereA*andB*denoteapairoftheequatingcoefficients.
BecauseGrouplisassumedtobeindependentofGroup2inthecase
oftwononequivalentgroups,
ac・vω一[aco浜)
ac。鬼)]・(1・)
Inthecaseofsinglegroup,sincethesameexamineestaketwotests,
wehave
ac・v@一[
ac蹴)ac畿 底多)]・(11)
バ ノ　バ
whereacov(旦、;⊆並、)isthecovariancematrixof旦2withrespectto
aj,andac・v(AA璽1;旦、)={ac・v(塗、;塗1)}'.
Thepartialderivativesin(9)areobtainedbyelementarycalculus
andwillbeprovidedinAppendixfbrcompleteness.Noticethatthe
partialderivativesin(9)withrespecttotheparametersintheunique
itemsinTests・1and2arezerosinceA*andB*donotincludethem
Theestimateof(9)isgivenbysubstitutingtheestimatesoftheitem
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pararnetersfbrthetruevaluesintheright-handsideof(9)バ
TheremainingtaskistoobtainaCOV(α)in(10)and(11).
First,weinvestigatethecaseoftwononequivalentgroups.The
estimatesoftheitemparametersfbrtheq且itemsincludingunique
onesinTestlareobtainedbymaximizingthefbllowingmarginal
likelihoodwiththeassumptionofmultivariatenotmalityforabilities:
Ll=丘 じL1,(qlle,,,21;,、)h(e,,)de,、(12)
'=1
where
9,
L,、(QE,1θ,,,21;,,)=HP1(Xli、1θ1,,(11、ノ)(13)
ノ=l
with2!;,,=(Xli1・… Xliq,)'and
h(θ1')一右exp(一誓)・(14)
Sincetheintegrationin(12)isdifficulttoobtain,itisapproximated
byanumericalonetoanydesiredaccuracyasfbllows:
Ll≡Ll=麓L1,(旦11y。,2111,)H(y,n)≡伽 些1,1璽1),(15)
'=1m=1i=1
whereyl,_,y,arethequadraturepointsIintherangefbre,,and
H(Y .)aretheweightsfbrthequadraturepoints,whichareノ
proportionaltoh(Y。)withΣH(y.)=1andanadjustmenttom=1
・ati・醇 翫H(Y .)=1.Let11=lnLl.Then,them・ximizati・n　ニ　
ofLlin(15)isgivenbysolvingtheequations:
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老 、=雲嘉∂1n讐'9,j)×ム(篶 鴛 タω
二鉾書{κザP1(κli、=lly.,q,ノ)}D〔濫 ②〕¢i(魑)(16)
1>1
§ 碁 豊
1、ノ=Ω ・(ノ=1・ … ・q,)・
wh◎re
iPi(y.121;,,,q,)≡L,,(等1器(Y.)・
(17)
(m=1,_,r;i=1,_,1>1)
istheposteriorprobabilityof)7mgiven⊆ 亙land21;,,・Silnilar
resultsareobtainedforGroup2withTest2usingsimilarnotations:
老 、=鉾書{-P・(x・・j=lly・・q・)}
×D〔勢 ・擁1遡 塾 、・(18)
(プ=1,…,q,)・
バ
Theasymptoticvariance-covariancematrixfor旦、isobtained
fromtheinverseoftheinformationmatrixfortheitemparameters.
However,since2q・patternsin21;,,arerequiredtoderivetheexact
infommationmatrix(see,Bock&Lieberman,1970),onlytheobserved
patternsfor些1∫areusedasanapproximationtotheexactone,thatis,
^N,
1ω 一 Σ8 1,旦1!1錘、(19)
where
9,、=(91il')…・91iq,t)"(2・)
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(see(16)).Theestimateoftheasymptoticvariance-covarianceバ
matrixfbr旦,isobtainedas:
ac6v(d,)=(f(塗1))-1.(21)
Similarly,wehave
ac6v(A旦,)イ(逸,))-1.,(22)
Notethat(21)and(22)holdalsointhecaseofsinglegroupwithsome
adapt・ti・nssu・h・・N=1V1=!>,(q,and11?!1、a・eassum・dt・b・
estimatedseparatelyineachtesteveninthecaseofsinglegroup).
Fin・lly,w・d・iveaC・V(AA",;(∠、)in(11)whi・hisrequi・edin
thecaseofsinglegroup.ByusingtheTaylorexpansionsofthe
observedgradientvectorsof(16)and(18)atthetruevaluesofthe
parameterswithlargeIV(=2V1=N2),wehaveapProximately
NN
d1--q,≡(1(逸 、))一!]Jgii,塗、一一q、 ……(1(逸、))-iΣ9、.(23)
'=1i=1
ノ　 ノ　
H・nce,takingtheexpect・ti・n・f(ql、-9!1,)@一(亙1)'in1・ ・g・
・㎜pl・ ・andn・tingth・t豊1,・ndg,
、('≠ ノ)areind・pend・nt,we
have
acov(AA旦2;P∠1)=(1(逸,))-1E(Σ9、,81、')(1((童1))-1.(24)まニ　
F・・thee・tim・te・・f1(A必)・nd1(塗 、)in(24),wecanag・inu・e
(21)and(22).
ThetermofE(・)intheright-handsideof(24)isobtainedas:
E(Σg 、追1、')-Nll2S2!12(Kk・・2gk,iQ2)'=星 ん1=1ん・司ノ
1(Kk,IQ1)!,(Kk,lq・)
(25)
∂!、(pek
、lq・)∂!1(Kk、Eg,)×
∂(∠、 ∂璽 、'
where
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ダ
f・2(Kk,・Kk、IPt)=暑ム ・(α,i'y・・pek,)L・・(・a・1y・・Xk、)H(y・);(26)
Kk、isthek,-thpossibleresponsepatternfbr2E,,・(k,==1・… ・2qi);
Kk,isthek・-thpossibleresponsepatternfor2ら、・(k・=1・ … ・29・)・
Thevalues2qiand2q・becomesoonlargewithmoderategIand
q、.Theref()re,ap・acticale・timate・f(25)issimplyΣ8、旦1!i=1バ
with(亙 二 旦,whichisanapproximationusingonlytheobserved
pattemsof些,iand些,i,(i=1,_,N).
MeanStandardErrorofEquatedScores
TheabilityscoreinGroup2,θ2ゴ,istransfbrmedtothescore'inバ
GrouplbyusingtheestimatesoftheequatingcoefficientsA*and
君*・
∂;、=A。 θ、,+A。,('=1,...,N、).(27)バ バ
ToevaluatetheoverallstabilityofA寧andB*,itisconvenientto
calculatethestandarderroroftheequatedscoreatθ2,:
SE(∂1♪=avar(A。θ、,+A。)
(28)
=avar(A*)θ二,+2acov(A*;」参*)θ2,+avar(A*).
Themeanstalldarderroroftheequatedscoreisobtainedfromthe
integrationoverthedistributionofθ2ご:
avar(A。θ ・+B。)h(θ、,)de、
.(29)バ ム
=avar(A*)+avar(B。)
Theestimateof(29)isgivenbyreplacingthetnlevaluesofthe
parametersin(29)bytheirestimates(seealso,Kolen&Brennan,
1995,Ch.7).
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Numerica1Examples
Toconfirmtheaccuracyoftheestimatedstandarderrorsforthe
equatingcoefficients,wehaveperfbrmedasimulationwithtrue
values.Thefirsthalfofthesimulationisforthecaseoftwo
nonequivalentgroupsandthesecondhalffbrthecaseofsinglegroup.
Inthefirsthal軸enumbersofcommonitemsaresetat100r15with
thesamenumbersofuniqueitemsinTestsland2.Thatis,Testsl
and2have200r30itemsincludingthecommonitems.The
populationvaluesofdiscriminationparameterswererandomly
generatedbytheuniformdistributionwiththerange(.3,.1.3).The
populationdifficultyparameterswerealsorandomlygeneratedbythe
normaldistributionN(0,1).Theobservedvaluesofitemresponses
inGrouplweregeneratedbyusingtheprobabilityfunctionof(1)
withtherandomnumberfblIowing1>(0,1)fbrθ1,.・ForGroup2,
ヨロ　ロ　ロ
θ,、 ～ ノV(.5,1.22)wasemployedfbrthegenerationoftheobserved
responses.Consequently,ifestimationisexact,ノi*=1.2,∠}*・=.5
shouldbeobtained.Thenumberofexamineesineachgroup,is
1,000(CaseA)or2,000(CaseB)whenthenumberofcommonitems
is10;and1,000whenthenumberofcommonitemsis15(CaseC).
Whenthenumberofcommonitemsis10,thesamesetofpopulation
valuesareusedfbrthecasesof1>』1,000and1>』2,000.Thenumbers
ofquadraturepointsinthenumericalapproximationoftheintegration
ofabilityparametersare5,100r15.Theestimationoftheequating
coefficientswasrepeated100timesineachcondition.Thatis,100
estimatesfbreachcoefficientwereobtainedwith100estimatesofits
asymptoticstandarderror.
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Table1.Meansofestimatedequatingcoefficientsfornonequivalent
groups;numberofsetsofsamples=100,populationvalues
forA(B)=1.2(.5).
CaseA CaseB CaseC
Numberofco㎜onitems:10 10 15
Numberofobservations:1,000 2,000 1,000
Numberofquadraturepoints:
510 15 5 10 15 5 10 15
A∫1.1891.214 1,210 1,1751,2031,1991,118U79 1,185
B3,522,505 .502 .518 .503 .500 .502 .496 .504
A〃31.1681.205 1,203 1,1681,2071,2051,1181,1891,192
Bηz。505.499 .497 .513.507.506 .503.499.507
A81.1721.206 L204 1,1701,2061,2051,1191,1891,192
β8,508,500 .498 .515.507.505 .503.499.5071
Tableslthrough5showtheresultsfbrtwononequivalentgroups。
Tablelshowsthemeansoftheestimatedcoefficientsover100setsof
samples.Thetableindicatesthattheestimatesaresomewhatbiased
whenthenumberofquadraturepointsis5.Byincreasingthe
numberaslargeas10,thebiasesaretoalargeextentreduced.The
resultsof!>』2,000(CaseB)arenotsodi脆rentfromthoseof
ノ〉』1,000(CaseA).Table2showstheresultsoftheoreticaland
simulatedstandarderrorsfbrCaseA.TheSDisthestandard
deviationoftheestimatesofacoefficientorastatistic(themean
standarderrorofequatedscores)over100setsofsamples.Theルtof
SEisthemeanofestimatedstandarderrorsover100setsofsamples.
TheSDofSEisthestandarddeviationoftheestimatedstandard
errors.Iftheestimatedasymptoticstandarderrorsareclosetoexact
values,theノ匠'sofSEshouldbeclosetothecorrespondingSD's
whicharetheactualstandarddeviationoftheestimatesandtheSD's
ofSEshouldbesmall.Fromthetable,weseethatwhenthenumberバ
ofquadraturepointsis5,theasymptoticstandarderrorsfbr」B*seem
tobeunderestimates.However,theybecomeratheraccuratewhen
thenumberofquadraturepointsisaslargeas10.Amongthethree
methods,〃fs,m/mandm/gm,them/smethodisalwaysinferiortothe
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othertwomethods.Thisisclearlyshowninthelargestandarderrorsム
fbrAs,whichsupportsthediscussionofBakerandAl-Karni(1991).
Table3showstheresultsfbrCaseB,whicharesimilartoTable2
excepttheoveralllevelofvalues.Notethatthestandarderrorsarg
proportionalto11栖.Thus,weseethatthevaluesof5Dandルfof
SEinTable3areapProximatelyllV互ofcorrespondingvaluesin
Table2(noticethatthesamepopulationvaluesforitemparameters
areusedinCasesAandB).
Table2.Resultsf6rnonequivalentgroups(CaseA);numberof
commonitems=10,numberofobservationsineachsample
=1,000,numberofsetsofs㎜ples=100.
司
Numberof
quadrature
.
polnts
5
5Dルf5D
of5Eof5E
5D
10
M
of5E
5z)
of5E
5D
15
M
of5E
"
of3E
(1)Equatingcoefficients
A∫
β£
A醒
B那
A8
B8
.122,124,018
.099,079,OlO
.053,050,003
.088,066,006
.054,054,003
.084,060,004
.128
.084
.062
.080
.063
.073
.129
.086
.061
.076
.063
.071
.Ol9
.oo9
.003
.005
.004
.003
.129
.084
.062
.080
.063
.073
.130
.086
.062
.076
.064
.070
.019
.oo9
.003
.005
.004
.003
(2)Meanofstandarderrorofequatedscores
鵬
励
〃㎏〃2
.157,147,020
.103,083,005
.100,080,005
.153
.101
.096
.155
.097
.095
.020
.006
.005
.154
.101
.097
.156
.098
.095
.020
.006
.005
Note.∫D=standarddeviationofestimatesofaparameterorastatistic;MofSE
=meanofestimatedstandarderrors;SI)ofSE=standarddeviationofestimated
standarderrors.
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Table3.Resultsfbrnonequivalentgroups(CaseB);numberof
commonitems=10,numberofobservationsineachsample
=2,000,numberofsetsofsamples=100.
Numberof
quadrature
弓
polnts
5
5Dル15D
of∫Eof5E
5D
10
M
of3E
5D
of∫E
m
15
〃
of3E
3D
of5E
(1)Equatingcoefficients
A5
B5
A班
B醒
A8
B8
.081,084,008
.073,054,005
.035,035,001
.067,046,002
.039,038,002
.065,041,002
.087
.056
.041
.050
,045
,046
.087
.059
.042
.053
.044
.049
.008
.004
.002
.002
.002
.002
.088
.055
.042
.050
.046
.046
.088
.059
.043
.053
.045
.049
.009
.004
.002
.002
.002
.002
(2)Meanofstandarderrorofequatedscores
鵬
翻
〃9配
ρ
.109,099,009
.075,058,002
.076,056,002
.104
.065
.065
.106
.068
.066
.009
.002
。002
.104
.065
.065
.106
.069
.067
.009
.003
.002
Note.SD=standarddeviationofestimatesoC.aparameterorast i tic;MofSE
=meanofestimatedstandarderrors;SDofSE=standarddeviationofestimated
standarderrors.
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Table4.Resultsfornonequivalentgroups(CaseC);numberof
commonitems=15,numberofobservationsineachsample
15
= 1,000,numberofsetsofsamples=100.
Numberof
quadrature
o
polnts
5
班)M5D
ofsEof5E
5D
10
M
of∫E
5D
of3E
5D
15,
〃
of51E
5D
of5E
(1)Equatingcoefficients
A5
B∫
A刑
B濯
A8
B8
.051,047,005
.094,049,005
.046,040,002
.092,044,003
.045,039,002
.092,044,003
.059
.072
.056
.069
.054
.069
.056
.063
.052
.060
.050
.060
.005
.004
.003
.002
.002
.002
.060
.074
.056
.071
.054
.071
。060
,065
.055
,062
.054
,062
。006
.004
.003
.002
.003
.002
(2)Meanofstandarderrorofequatedscores
鵬
伽
〃泌8η2
.107,068,006
.103,060,003
.102,059,003
.093
.089
.088
.084
.079
.078
.006
.003
.003
.095
.091
.089
,088
,082
.082
.006
.003
.003
Note.SD=standarddeviationofestimatesofaparameterorastatistic;MofSE
=meanofestimatedstandarderrors;SDofSE=standarddeviationofestimated
standarderrors.
Table5.Correlationsbetweenestimatedequatingcoefficients
(CaseA);numberofcommonitems=10,numberofobservations
ineachsample=1,000,numberofsetsofsamples=100,
numberofquadraturepoints=10.
∠45 B∫ .A粥 B配 、A8 B8
A∫ 1.00 .68(。03).38(.03)一.32(.09).58(.03)一.20(.08)
B5 .64 1.00 .17(.03). 3(.12).30(.04). 5(.10)
ん3 .41 .18 1.00 .31(.04).94(.01).32(.04)
B"3 一.36 .34 .29 1.00 .16(.07).98(.003)
A8 .59 .27 .95 .12 1.00 .23(.06)
B8 一.26 .44 .30 .98 ,18 1.oo
Note.Thelowerhalfindicatesthecorrelationsofestimatesofthecoefficients.
Theupperhalfindicatesthemeans(standarddeviations)oftheestimated
asymptoticcorrelationsfortheestimatesofthecoefficients.
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Table4givestheresultsfbrCaseC,wherethenumberof
commonitemsis15.Surprisingly,thedifferencesbetweenthethree
methodswhichwereobservedinTables2and3havealmost
disappeared,thoughthe〃Ofsmethodisstilltheworstone.Notethat
thetendencyoftheunderestimatesof∠}*isstrongerthanthosein
Table2and3whenthenumberofquadraturepointsis5.Table5
givestheobservedcorrelationsoftheestimatesofthecoefficients,
andthemeans.(standarddeviations)oftheestimatedasymptotic
correlationsover100setsofsamples.Theactualcorrelationsare
ム ノ　
A"、)andclosetomeantheoreticalvalues.Thepairsof(Agandム ノ　
(BgandB〃z)havehighcorrelationswithineachpair,which
suggeststheclosenessofthem/mandm/gmmethods.
Tables6and7showtheresultsfbrsinglegroup(CaseA').The
populationvaluesforitemparametersarethesameasthoseforCases
AandB.Thenumberofobservationsis1,000.Sincethesame
examineesrespondtotheitemsinTestsland2,θ,`issetequalto
θ2,whenrandom'responsesaregenerated.Thus,iftheestimationis
・xact,A。=1・ndA・=0・h・uldbe・btain・d.InT・bl・ ・6and7,さ
weobservethesimilartendencieswhiChwereshowninTablesland
2.However,thestandarderrorsforCaseA'arereducedfromthose
fbrCaseA.Thisistheoreticallyexpectedfromthesignsofpartial
derivatives(seeAppendix)andthenon-negligiblepositive
ハ づへ
covariancesbetweenQ、and⊆亙、fbrthecaseofsinglegroup.
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Table6.Meansofestimatedequatingcoefficientsfor
singlegroup(CaseA');numberofcommonitems=10,
numberofobservationsineachsample=1,000,
numberofsamples=100,populationvaluesforA.(B)=1(0).
?
〜
?
?
?
?
?
?
?
?
?
?
Numberofquadraturepoints
1015
1.013
-.011
1.010
-.012
1.009
-.Ol2
1.007
-.004
1.000
-.005
1.000
-.006
1,007
-.003
1.000
-.005
.999
-.005
Table7.Resultsforsinglegroup(CaseA');numberofco㎜on
items=10,numberofobservationsineachsample=1,000,
numberofsamples=100.
.
Numberof
quadrature
・
POlnts
5
5Dル1
0f∫E
5Z)
of5E
"
10
M
of5E
5z)
of5E
5D
15
M
of5E
5D
of5E
.
(1)Equatingcoefficients
、4∫
B3
ん3
B肛
・48
B8
.092,101
.061,044
。036,038
.066,056
.040,042
.062.05r
.015
.004
.002
.006
.002
.005
.091
.037
.038
.049
.042
.044
.loo
.039
.038
.051
.042
.046
.Ol4
.003
.002
.006
,003
.005
.091
.037
.038
.049
,042
.044
.101
.038
.038
.051
.042
.046
.014
.003
.oo2
.006
.003
.005
(2)Meanofstandarderrorofequatedscores
納
翻
〃9配
.110,110
.075,067
.074,066
.014
.006
.005
.098
.062
.061
.107
.064
.063
.Ol4
.005
.005
.098
.062
.061
.108
.064
.063
.014
.005
.005・
Note.SD=standarddeviationofestimatesofaparameterorastatistic.;MofSE
=meanofestimatedstandarderrors;SDofSE=standarddeviationofestimated
standarderrors.
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Table8.ResultsforKolenandBrennan's(1995)data;
numberofcommonitems=12,numberofitemsineachtest
=36,numbersof6bservationsineachgroup=1655(TestX)
and1638(TestY),numberofuadratureoints=10.
EstimatesSE Astoticcorrelations
〜
?
?
?
?
?
?
?
?
?
?
?
1.009
-.375
.961
-.349
.970
-.354
.070
.069
.041
.078
.044
.075
1.oo
-.06
.57
.26
.73
.21
1.00
-.30
.92
-.20
.94
1.00
-.28
.94
-.29
1、oo
-.10
.995
1.oo
-.141.OO
Meanstandarderrorofequatedscores
mls:.099,〃 諭m:.088,m/m:.087
Note.SE=standarderrorofestimates.
Table8showstheresultsfbrarealdataset.Thedatafrom
KolenandBrennan.(1995,AppendixB)areused:TestsXandY
consistingof36itemsineachtesthave12internalcommonitemsand
wereadministeredto1,655and1,638examinees,respectively.The
equatingwasperf6rmedbyassumingthatthegroupsareindependent
nonequivalentones.Thetransforma隻ionintheequatingwas丘om
thescaleofTestXtothatofTestYinthetwo-parameterlogistic
model.Tenquadraturepointswereusedfbrthenumerical
integrationofabilities.Theestimatedcoefficientsfbrthe〃〃fs
methodaresomewhatdifferent血omthosefbrthe〃伽and〃 ㎏ 〃1
methods.Tothecontraryofthesimulatedresults,thestandarderror　 　 ノ　
fbrBSissmallerthanthosef6rB〃1andBg.However,themean
standarderrorofequatedscoresfbrthem/smethodisgreaterthan
thosefbrthe〃fmand〃 吻 配methodsaswasthecasefbrsimulated
data.』Theestimatedasymptoticcorrelationsshowaclose
relationshipbetween〃伽and〃 吻 配methods.
Conclusion
Thesimulatedresultsintheprevioussectionarebasedon
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restrictedconditions.However,theresultsareratherclear、and
indicatesthatwhenthenumberofcO㎜onitems飢esmallsuchas10,
theresultsofm/smethodareinferiortothosebythe顔配and〃8・m
methods.Thedi脆rencesbetweenthreemethodsseemtodecrease
withtheincreasQof'thenumberofcommonitems.Exceptforthe
unusualcasewhenonlytheestimatesofdifficultiesareavailable,we
havenoreasontoemploythe〃 以3method.Them/mmethodis
recommendedfromitssimplicityamongthethreemethodsaslongas
theevidenceofthesuperiorityofthe〃Ofgmmethodisnotprovided.
Themarginallikelihoodestimationofitemparametersemploys
numericalintegration.Theestimatesoftheequatingcoefficientsare
directlyinfluencedbythenumberofquadraturepointsinthe
numericalintegration.ThenumbershouldbeaslargeaslO.
Discussion
Uptonow,thesituationofinternalcommonitemshasbeen
assumed.Ifexternalcommonitemsareused,theasymptotic
covariancematrixof(10)and(11)shouldbereformulatedinthe
followingway.Weassumethesamenumberofcommonitemas
before.Thatis,thepcommonitemsaresupposedtoconstitutethe
anchortest(Test3).Testsland2arecomposedofonlyunique
itemswhosenumbersareq,-pandq2-p,respectively.The
differencebetweenthissituationandthatofinternalcommonitemsis
thattheestimationoftheitemparametersareperformedseparatelyfor
Tests1,2and3inthecaseofexternalcommonitems. 、The
parametersofthecommonitemsmaybeestimatedjointlywiththose
forTestlorTest2.Forthiscase,thesituationbecomesessentially
equivalenttothatwithinternal・・commonitemsaslongasthe
asymptoticbehqvioroftheestimatesofequatingcoefficientsare
concerned.
Letq,and{i112bethevectorsoftheitemparameters.forGroup
1(Testsland3)andGroup2(Tests2and3),respectivelyaswasthe
caseforinternalcommonitems.Thesubvectorsin1!ll,andQ1、are
defined:
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q!1=(E,',Zi曾)'andg、=(E、',Z2曹)',whe・e
E,=(α 。,b,,,…,a、,,b1P)'・ndE、 一(a21,わ21,.・・,a、,,わ、,)'肛・
theparametersfbrTest3(theanchortest),whil臼
Zi=(・1,,・1・わ1,囲 ・・・…1q,・ わ ・91)1and
Z、=(a・,,・1・b・,,・1・… ・a・q、・b・q2)㌦ ・thep-etersf・ ・
Te・t・1and2,・e・pectively.L・t9=(Q!!∴9、')'a・bef・ ・e.
　
Then,theasymptoticvariance-covariancematrixof蔓.fbrthecase
oftwononequivalentgroupsbecomes
ac・v(Aα)一[aco浜)
ac。鬼)](3・)
where
ac・V(Aα匠)
バ
(1(互))一1
(・(IZ,))一・E(鉾旦,、,旦βガ)
バ
×(1(互))一'
^Nk
(1(互k))-1E(署旦,、,旦,kif)
バ
×(1(2Cl,))'1
バ
(1(Zk))一1
'(31)
(ん=1,2)
w仙9β 、,・ndg,kib・ingthe・ubvect・rsin&、(・ee(20)with
(16)・nd(18))f・・th・paramet…E、andZ、,・e・pectiv・ly.Inth・
　
caseofsinglegroup,theasymptoticcrosscovariancematrixfor⊆亙,ハ
withrespecttoq,becomes
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　 バ
acOV(q、;旦1)=
バ ガ
(1(E、))一IE(1.,gβ、、旦 β1,1)
×(バ1(互
、))-1・
ム
(1(Z、))-1E(1.,g,、豊 β。')
×(バ1(互
、))一'・
ム ガ
(1(E
、))-IE(1.,gβ、,豊γ1、曾)
バ
×(1(z
、))-1
(バ1(γ_2))一IE(1.,g,,,旦γ1、')
バ
×(1(Z
i))-1
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(32)
Theestimatesof(31)and(32)aregivenbysubstitutingtheestimates
ofthepararnetersfbrtheirtruevalues,andtheobservedvaluesfbr
E(・).Sincethepartialderivativesoftheequatingcoefficientswith
respecttoZ、andZ、arezero,onlytheupper-leftsubmatricesin(31)
・nd(32)areu・edinactu・1・ ・mputati・nf・ aVdr(A。)・nd
aVar(D,).H・w・ve・,・the・・ubmat・ice・bec・m・necessarywhenw・
considertheasymptoticvariancesandcovariancesofequateditem
parametersandtheirfunctionsinTestsland2.
AppendixTllePartialDerivativesoftlleEquatingCoe笛cients
withrespecttotheItemParameters
Forthe〃面method(see(6)),thenonzeropartialderivativesare
ア
∂A、 ん(b,ノー (11P)各ω
∂わ1ノ 躯 一(11P)(£b
,,)・'
k=lk=1
ア
∂A,
一 一A・(わ・ノー (11P)各わ・k)
∂わ・ノ 躯 一(1/P)(£b
、k)・'
k=lk=1
ア
箸 ÷ 箸 ×蒼1鍛・(A1)
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ア
諭=一 諭 ×聖 一禽 ・(ノー1,…,P).
Forthem/mmethod(see(7)),thenonzeropartialderivativesare
ア
∂Am各 α・k∂Am=1
∂α1ノ=一(Sa
lk)・'∂a・、1£alk'
k;lk=1
ア ロ ア
∂Bm
=一 ∂Am× 各 わ・k,∂Bm-一 ∂Am× 各 わ・k,
P∂a、 ノ ∂a、ノP∂alj∂aiゴ
∂B〃z1圏 ∂B〃lA〃z
∂わ1」=7'∂b、 、=一 グ(ノ=1・ ・…P)・(A2)
Forthenz/8mmethod(see(8)),thenonzeropartialderivatives・are
ロ ア
∂A一Ag∂Ag =Ag∂B一 ∂Ag×各わ・k
∂ai/Paiノ'∂a、 ゴPa、j7∂aiノ ∂aijP'
∂Bg=一∂Ag×書わ鍛 ∂B8ニ1,
∂a、j∂a、 ノP'∂b,ノ
∂ 、BgAg
,(ノ=1,...,」ρ).(A3)∂
診 、ノ
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